The majority of models of inflation in string theory predict an absence of measurable gravitational waves, r << 10 −3 . The most promising proposals for making string theoretic models that yield measurable tensor fluctuations involve axion fields with slightly broken shift symmetry. We consider such models in detail, with a particular focus on the N-flation scenario and on axion valley/natural inflation models. We find that in Calabi-Yau threefold compactifications with logarithmic Kähler potentials K it appears to be difficult to meet the conditions required for axion inflation in the supergravity regime. However, in supergravities with an (approximately) quadratic shift-symmetric K, axion inflation may be viable. Such Kähler potentials do arise in some string models, in specific limits of the moduli space. We describe the most promising classes of models; more detailed study will be required before one can conclude that working models exist. 
Introduction
The space of inflationary models is vast and varied. While it may be impossible to reconstruct the precise inflationary potential from data, narrowing the classes of models to those that give rise to our corner of the universe is a vital step in describing our cosmology. A promising avenue for doing so in the near future will be the measurement of the level of tensor fluctuations from inflation [1] , which is typically characterized by the ratio r = T /S, where T and S are the amplitudes of tensor and scalar perturbations respectively Experimental constraints on r come from measurements of the microwave background polarization. The current bound from WMAP and SDSS is r < 0.3 [2] . We can expect this limit on r to be driven down by the next generation of CMB experiments. In addition to the soon to be launched Planck satellite, there are quite a few experiments on the horizon that have been specifically designed to measure B-mode polarization and thus inflationary gravity waves (IGW). 4 These include Spider, SPUD, EBEX, polarBear, QUIET, and Clover. BICEP and QUAD are already taking data now. All of these hope to detect r ≥ 0.1 (or even r ≥ 0.02 for BICEP2) or place the corresponding upper bound, and should have results by 2011 [4] . Further into the future the NASA CMBpol satellite project [5] is expected to be launched by 2018 and hopes to achieve a detection or a bound at r < 0.01. The ESA Bpol project has an analogous goal.
There are known inflationary models predicting detectable levels of IGW with 10 −3 < r < 0.3. These include chaotic inflationary models [6, 7, 8, 9] , with quadratic, cubic and quartic potentials where one expects r ≥ 2 · 10 −2 [7] , and natural inflation models [10] where one expects r ≥ 10 −3 , [11] . The potential for natural inflation is Λ 4 (1 − cos(φ/f )) where φ is the canonically normalized field and f is the axion decay constant. Quite generally, as shown by Lyth (and exemplified by chaotic inflation), single-field models predicting measurable IGW require a super-Planckian variation of the inflaton over the 60 e-foldings corresponding to the observable part of our universe; ∆φ > M P l [12] . For axion models this implies f > M P l 5 . The variation of individual fields can be somewhat smaller in models of assisted inflation [13] , with many fields increasing the frictional force during inflation. In such models the value of the VEVs of individual fields may be reduced; for example by a factor of 1 √ N in assisted m 2 φ 2 inflation, where N is the number of fields. Our concern in this paper is the study of models derivable from string theory and effective supergravity which have appreciable levels of IGW. Such models are rare and, as discussed recently in [8, 14, 15] , they are not amongst those scenarios that have been well studied in string theory. For example, brane inflation models were shown to be IGW free in [16, 17] and the same is true of modular inflation proposals (see [15] for a review of these models).
Part of the problem with embedding IGW in string theory is that the value of r correlates directly with the energy scale of inflation. For a given value of r, the Hubble constant during inflation is roughly H ∼ r 1/2 × 10 14 GeV. This dependence means that, for measurable 4 In this paper we consider only B-modes from tensor fluctuations during inflation. We will not discuss B-modes from cosmic strings, which might be produced during the exit from inflation. The observational signatures for these two types of B-modes are quite different, see for example [3] . 5 We use the reduced Planck mass, M P l = (
values of r, inflation would have to have occurred at close to GUT-scale energy densities -V ∼ (10 16 GeV) 4 . Now, since the moduli of a string theory compactification need to be stabilized above the energy scale of inflation to obtain a robust model (as discussed in many papers such as [19] ), it is clear that generating a measurable value r translates into the need for moduli stabilization at very high energy scales.
Unfortunately, achieving this is a challenging problem. In the simplest methods of moduli stabilization, such as the one advocated in the KKLT paper [20] , there is a constraint relating the mass of gravitino to the Hubble parameter, m 3/2 ≥ H [21] . This would predict r ∼ 10
for m 3/2 ∼ TeV and require an extremely heavy gravitino for detection at r ∼ 10 −2 , as shown in [8] . It is possible to avoid this problem by modifying the original KKLT construction as shown in [21] . However, achieving r ∼ 10 −2 in such models for m 3/2 ∼ TeV would require significant fine-tuning [8] .
An additional difficulty with finding IGW in string theory arises from considering the aforementioned Lyth bound (the general requirement of trans-Planckian field motion to get measurable gravity waves) in string theory. Not much is known about the behavior of a variation of a scalar modulus over a range ∆φ > M string in a string theory moduli space and what we suspect is not encouraging. In general, maintaining the flatness of the potential over a distance ∆φ ≫ M string appears to be difficult. However, by using axions, whose potential is to a significant extent determined by symmetries, one would evade some of the issues that appear to prevent flatness [22, 23] . Unfortunately, though, it was pointed out in [24] that the super-Planckian axion decay constants f > M P l required for desired regime seem to be unavailable in controlled limits of string theory. While this constraint is met by many of the models we consider in this paper, we note that the argument (reviewed in section 2.1) has been shown in [25] to be avoidable for a particular choice of two axions. Furthermore, we will demonstrate in section 6.2 that it is possible to avoid the problem even for one axion field, with a particular racetrack-type superpotential. In addition, we will discuss some numerical factors of 2 m and π n which need clarification to make theoretical string cosmology compatible with cosmological precision data.
Even without f > M P l axions can still provide IGW-generating potential through the assistance effect discussed above. Assisted inflation has been implemented with stringy axions in the recent N-flation scenario [26] . As mentioned previously, in assisted models one tries to benefit from the Hubble friction generated by N different fields rolling towards their minima. If one can enforce, via symmetries, that the cross-couplings between the fields are suppressed, then one finds that the inflationary slow roll parameters scale with inverse powers of N. It was argued in [26] that string axions provide excellent candidates for assisted inflation. In many models, they are numerous (with the number being determined by the topology of the compact manifold) and they have independent shift symmetries which are broken by distinct instantons. This provides a rationale for the lack of cross-couplings. For sufficiently large N, and with a proper choice of scales, one can then hope to make a stringy model of axion assisted inflation that generates IGW. However, although N-flation circumvents several obstacles to inflationary model-building in string theory, it does so at the cost of making certain assumptions. One of our goals in this paper is to see if these assumptions can be realized in controlled string compactifications.
One of the main assumptions in the analysis of [26] was that the scalar superpartners of the axions (which are Kähler moduli in many classes of models), get effective masses > H during inflation and decouple from the dynamics. Accordingly, we will concern ourselves with the necessity of finding models of moduli stabilization where the volume moduli have much steeper potentials than their axionic partners. If such a model can be found, then quite plausibly the physics will be that of many massive axions acting in concert to give some combination of assisted chaotic inflation and natural inflation. If not, while there is no general proof that inflation does not occur, the story is certainly more complicated than the one described in [26] .
In [15] a class of N = 1 supergravity potentials with this mass hierarchy (for the specific case of a single complex modulus) were described, and given the name "axion valley" potentials. A natural inflation model [10] with a pseudo-Nambu-Goldstone boson (pNGb) is a slice of the bottom of the 2d axion valley potential of the supergravity model and, very roughly speaking, an N-flation model involves decoupled dynamics along the bottom of N such valleys. Thus if axion valleys exist in the string landscape we can obtain measurable IGW by realizing either pNGb inflation or N-flation -the latter has the obvious advantage of having only sub-Planckian VEVs. In [15] the preliminary analysis suggested that such valleys are hard to find for axions that are superpartners of Kähler moduli in Calabi-Yau threefolds (or orientifolds), but they may exist for axions or brane position modes which enjoy quadratic shift symmetric Kähler potentials (in some approximation scheme). Here we will make a thorough analysis of this issue, describing some classes of known models which can give rise to the promising Kähler potentials and test carefully several possibilities for deriving appropriate axion valley potentials from string theory.
Our explorations of axions and inflation in string theory will follow a structure based on the observations made above. We begin in section 2 by considering the status of axions in string theory and the apparent restrictions on their decay constants. We also discuss the details of N-flation in more depth. We then loosely divide the models we consider into the following categories. First, in section 3, we consider models with Kähler moduli that have a shift symmetric logarithmic Kähler potential (associated with the cubic prepotential) and a non-perturbative superpotential, such as one would expect in KKLT-type scenarios in IIB theories. We demonstrate, in a number of examples, that both the axion and its partner get masses of the same order -i.e. we fail to meet the criteria for N-flation; N moduli would not give N decoupled axions.
In section 4 we consider similar models, but use a more general form for the Kähler potential, with α ′ corrections to the tree level form. Naively this Kähler potential is such that one might expect it stabilize the volume part of the moduli, leaving a relatively flat axion direction for each modulus, even with a constant superpotential. However, by examining the scenario in detail we prove that stabilization cannot take place except far in the interior of moduli space, where our formulae are suspect and we have little control. We follow this analysis in section 5, by looking at related examples in the literature, but with a non-trivial superpotential. Here, though the situation is somewhat different, the examples we study do not provide us with the framework necessary for assisted axion inflation.
We continue our studies in section 6 where we first describe the supergravity axion valley model proposed in [15] , which leads to a natural axion inflation [10] due to a quick stabilization of a radial partner of the axion-inflaton. We present an example of an "racetrack fix" mechanism for this model where by using two exponents in the superpotential one can avoid an argument of [24] which puts a constraint on the axion decay constant. We further look at some models in string theory which may lead to a regime of the effective supergravity of the type required in [15] and conclude that more detailed studies will be required.
In section 7 we stress that investigation of IGW in string cosmology is very complicated. We have just began the exploration of string theory models where one is able to perform an analysis. Although the best studied models fail to lead to IGW, we do have some indications of classes of models where this is not the case. These models are less understood and require further study, but may well provide predictions of a measurable scalar-tensor ratio.
Axions and Assisted Inflation in String Theory

Super-Planckian decay constant for a single axion
In the simplest context, that of a non-supersymmetric theory with an axion field φ of decay constant f and Peccei-Quinn breaking scale Λ, the potential takes the form
Assuming canonical kinetic terms 1 2 (∂φ) 2 , it follows that the tensor to scalar ratio r defined by the slow-roll parameter ǫ is
The actual value of the field φ where IGW are produced depends on f . Numerical computations in [11] show that natural inflation with r > 5 × 10 −3 is possible for f > 4M P l . Various ideas for deriving four-dimensional effective theories with axions having superPlanckian f have been proposed over the years; one recent interesting set of ideas appeared in [29] . However, it is thought that string theory does not allow (parametrically) superPlanckian f s, as argued in [24] . This conclusion also follows from the concrete formulae derived for axion decay constants in the known weak-coupling limits of string theory in [32] . Here, we briefly review the argument of [24] , to justify our partial focus on the admittedly more baroque multifield models in the bulk of this paper.
One starts with a modular invariant action of the type
Here σ is one of the moduli, for example the volume or the dilaton, and β is the axion partner of the corresponding volume, ρ = σ + iβ. The Kähler potential is of the form K = −c ln(ρ +ρ). In type IIB Calabi-Yau compactifications, for the dilaton c = 1, while for the total volume c = 3. It is assumed that the dilaton/volume modulus is stabilized at some σ = σ 0 , and that the potential depends on the periodic axion due to instanton corrections
The kinetic term for the axion at the fixed values of σ is given by
Hereβ is the axion with a canonical kinetic term. The potential depends on cos β = cos(σ 0β / √ 2c) = cos(β/f ). The axion decay constant is therefore inversely proportional to the stabilized value of the dilaton/volume:
Meanwhile, the axion potential arises from Euclidean branes wrapped over some cycles (whose volume is controlled by σ 0 ):
It follows from (6) that large decay constant implies small σ 0 . Then, according to (7) , the term e −σ 0 is not very small and therefore the n-instanton corrections proportional to e −nσ 0 must also be taken into account. More detailed analysis reveals that, for all f , all harmonics up to n ∼ (f /M P l ) give an appreciable contribution. This presents a serious obstruction to the possibility of having parametrically large axion decay constants in string theory, since the multi-instanton corrections will destroy the desired large periodicity of the single instanton contribution, reducing the "effective" f by a factor of n.
A racetrack fix
In the considerations above it was implicitly assumed that there is only one exponential term in the superpotential, originating from an instanton or gaugino condensate superpotential, of the form
Meanwhile, one can look at the racetrack models with two exponents (due, for example, to two different gauge groups) and obtain:
In such a case the potential depends on [64] 
and the relevant axion decay coupling is
At large M and N and small M − N it may be possible to get large f without a small σ 0 . In this way the racetrack type models can eliminate the problem discussed in [24] . A related solution for the case of 2 axions was proposed and studied in detail in [25] .
2.2 The issue of 2 m π n factors in string theory
In the paper [24] there is a remark that some estimates concerning the status of the axion decay constant in string theory may be modified by relatively large factors like 16π 2 . We find this observation particularly important for generic situations in string cosmology. We came across analogous problems in previous attempts to relate string theory with observational cosmology.
At the time of precision cosmology the clarification of the factor √ 8π between the old Planck mass,
19 GeV and "new" or "reduced" Planck mass
GeV become very important. The origin of this difference is in normalization of the Einstein term in the action of 4d general relativity
The reason for calling the reduced Planck mass a "new" Planck mass has to do with the fact that in supergravity literature one typically finds actions in the form
The Planck length also has an "old" and a "new" value
Clearly, a factor like 8π ∼ 25 cannot be neglected when it enters the definition of observables like a dimensional slow roll parameters in inflation
The current observed value of the spectral index n s is given by [2] n s = 1 + 2η − 6ǫ = 0.953 ± 0.016 (16) Therefore the calculation of the values of n s − 1 from the theory should not be off by a factor of 8π ∼ 25 (which it would be if the difference between units M new P l = 1 and M old P l = 1 would not be clarified in all current cosmology papers and books). The important fact about the existence of the difference between old cosmological parameters and reduced ones originating from supergravity applications to cosmology is the following: one can use any of these parameters and work with any choice of units as long as the final numerical theoretical value is related to observations in a way which does not depend on the choice of units. In string theory the analogous has not been clarified, as the above quote from [24] demonstrates and the recent paper [32] confirms.
What is the relation between l P l and l st ? As explained above, one may use in this relation either old or new l P l , there is a simple relation between them shown in eq. (14) . However, what precisely is l st ? We may start with the definition of string length l s and string units l s = 1 in various papers and books in string literature. In the first part of the book [33] we find
Here α ′ is the open string Regge-slope parameter related to the string tension parameter T . The relevant world-sheet Nambu-Goto action is
and the units
are used. In the part of the book which deals not with the world-sheet but with effective eleven or ten-dimensional supergravity a slightly different definition of string length is used
Thus for the volume of the extra dimensions measured in string units we may easily encounter the factor of 8 difference depending on units which are used:
In [34] a detailed presentation of the D-brane physics is given and we would like to point out various sources of difficulties with regard to powers of 2 and π when applied to 4d cosmology. The most relevant formulas are for the value of the Planck mass in the 10d string frame
where the gravitational part of the 10d action is
and the tension of the D p -branes is
The D p -brane action including Born-Infeld term and Chern-Simons term is
Here there are few general remarks in order. The equations for the gravitational coupling (22) and the brane tension (24) were derived in [34] strictly for toroidal compactification of 10d theory to 4d one. In particular (ignoring for the moment the issue of the string coupling) a dimensional reduction on a product of six circles of radius r will lead to
Comparing this with (12) we find that the 4d Planck length is related to the string length ∼ √ α ′ and the radius of compactification r as follows:
The large factors (2π) 6 cancel and for
∼ 1 the old Planck length and the string length are equal. Meanwhile, relations of the type (22) have been applied to Calabi-Yau compactifications with volumes different from toroidal compactifications. To stress the numerical importance of such differences we may compare volumes for toroidal, (2πr) 6 , and spherical, π 3 6 r 6 compactifications:
Thus one can significantly change the relation between the string length and the 4d Planck length, keeping r = √ α ′ , but using different numerical values for the volume of the internal space. Moreover, it has not been established how to change equations (22) and (24) for non-toroidal compactifications.
Another sensitive point of our discussion, apart from the 10d/4d relation is the identification of the scale of non-perturbative corrections to the superpotential. This will be related to the axions in string theory and the 16π 2 or so factors for the axion decay constant. For example, in [32] and [35] the string length is defined aŝ
and the brane tension is
These conventions lead to a significant simplification since the appearance of the factors 2π is minimized. In particular, the action of the D-p-brane has a simple Chern-Simons form term inl s = 1 units
and p-form fields have integer periods. In these conventions it is easy to see that quantum corrections break SL(2.R symmetry of the supergravity to SL(2.Z) symmetry of string theory. Indeed, the Euclidean action of the D-3-brane, for example, is given by [35] e −2πτ (32) where τ is the complex volume-axion modulus
This simple expression is valid only inl s = 1 units. In general, one should use
Depending on units in which the volume modulus τ is measured, the instanton action would have a factor of (2π) 4 difference with eq. (32) for example if α ′ = 1 units were used. To make things even more complicated we note that the stringy units used in [36] 
= 1 which is different from all previous cases. With regard to the axion decay constant ambiguity remains in extracting the kinetic term for the modulus and translating to 4d units with a specific relation between string units and M P l .
The instanton corrections to the superpotential depend dramatically on careful consistent numerical computations in string theory models. Note that the difference between the detection of IGW and non-detection with regard to a single exponent axion model proposed in [15] with W ∼ e −bΦ boils down to the difference between b ∼ 0.28 and b ∼ 0.04. Clearly the ambiguity in b of the order 16π 2 noticed in [24] and explained in detail here is not acceptable if the prediction of the theory is to be compared with the data.
We presented here few situations in string cosmology where the factors of 2 n π m may need clarification. In particular, with regard to instanton corrections to the superpotential we will make choices of the coefficient in the exponent in the superpotential which will give the phenomenology of inflation with and without gravity waves. The actual numbers will be of crucial importance.
On N-flation: assisted inflation in string theory
As explained above in the simplest cases with a single axion and single exponent in the superpotential, in string theory the axion decay constants are not large enough to provide inflation and, in particular, inflation with detectable gravity waves. Therefore one would like to use the ideas of assisted inflation [13] in the context of string theory as proposed in the N-flation model in [26] .
The main idea of assisted inflation [13] is that each of N fields feels the downward force from its own potential, but also the collective Hubble friction from the energy density of all fields. Therefore, slow-roll is easier to achieve and, in addition, one can attain superPlanckian excursions in field space even if the individual fields each have sub-Planckian displacements.
The equations of motion for a set of scalar fields in a generic situation with a moduli space metric (in real notation with [23, 31] :
Here G ij (φ) is the inverse metric of the moduli space and Γ i jk (φ) are the Christoffel symbols in the moduli space. If G ij = δ ij and V = i V i (φ i ), i.e., if the metric of the moduli space is flat and if the potential is a sum of the potentials of the individual fields, the assistance effect becomes clear:
Each field responds to its own potential (there is no summation in the term ∂ i V i above), but the friction via the Hubble parameter comes from all of the fields and can be significantly stronger than in case without assistance. It is clear from the more complicated general formula (35) that having N scalars or axions is far from sufficient to guarantee an assistance effect. One must also either have good reasons to approximate V as a sum of potentials for individual fields (which can be justified for axions in some circumstances), or one must display the equivalent 1/N scaling of slow-roll parameters in the full system (35) . Indeed, many proposed models of assisted inflation are not radiatively stable and would not be expected, in the end, to enjoy the 1/N suppression of slow roll parameters.
One attempt to design a radiatively stable model of assisted large-field inflation that can occur in string theory appears in [26] . The model requires a large number of axions,
, where f is the generic axion decay constant. For
should have N ≈ 10 4 . String theory may provide such a large number, there are known compactifications with up to 10 5 axions. However, [26] also described a new, generic concern about the idea of assisted inflation. In a theory with N species and UV cutoff Λ U V , there is a renormalization of Newton's constant
Since M 2 P l appears explicitly in the standard slow-roll parameters ǫ, η, this N dependence naively cancels the gain one would have from assistance at parametrically large N. Therefore, it is a UV sensitive question whether the idea works at all, and relies on cancelations at the scale Λ U V to produce a small coefficient in (37) . Circumstances where this cancelation might occur (in the context of the leading N-dependent correction in heterotic string models) were described in [26, 27] . We shall simply proceed without accounting for this subtlety; if we cannot make a model before including this effect, it will certainly only make matters worse to include it. Further issues with the phenomenology of N-flation (specifically reheating) are discussed in [28] .
Even ignoring this subtlety, one may wonder whether the phenomenological assumptions made in [26, 27] can be realized in concrete string models. We will focus here on the issue of whether it is reasonable to treat the dynamics of the axions as inflatons, while ignoring other moduli fields in the problem. The original papers discuss models where axions are partnered with Kähler moduli. However, depending on the precise string theory and choice of compact manifold, one can also find models where axions are partnered with themselves. In addition, there are many different possible ways in which the moduli could be stabilized: the effective potential is derived from a Kähler potential and a superpotential, either can provide the scale which stabilizes the moduli. If the former is used, the superpotential will still be needed to set of the mass of the axion (necessary for inflation to end), as the Kähler potential is independent of this component of the modulus. However, Kähler stabilized models 6 should stabilize the volume modulus, even with a constant superpotential.
We examine superpotential stabilization of the moduli in simple, KKLT-type scenarios in the next section, where we work with a scale free logarithmic Kähler potential. Following this we then attempt Kähler stabilization in related models, by considering corrections to the tree level Kähler potential -we find that Kähler stabilization fails in this scenario, the moduli are not stabilized with only a constant superpotential. In section 5 we consider stringy inspired models that do not fit readily into our Kähler-stabilized/superpotential-stabilized classification -the superpotential is essential for stabilization, but the Kähler potential also contributes to the mass scales of the moduli. Section 6 contains supergravity examples where the Kähler potential participates significantly in the stabilization of the axion partner. Then, the superpotential stabilizes the axion (with a small effect on the stabilization of the partner). In this way we get a significant mass hierarchy between the axion and the partner, which leads to axion inflation.
KKLT-Type Models: Superpotential stabilization
We begin our survey with a study of axionic inflation in type IIB string theory compactification on a Calabi-Yau threefold X. We assume that the axion-dilaton modulus and complex structure moduli have been stabilized by fluxes and we are only left with n = h 1,1 (X) Kähler moduli which need to be stabilized. 7 The potential of the four dimensional N = 1 supergravity is then given by
where the Kähler potential is given by
whereV is the volume of the Calabi-Yau internal space and for the case of one modulus is given byV = (T +T ) 3/2 8 . The superpotential is an analytic function of the Kähler moduli and has the following general form
where W 0 refers to the flux superpotential (depending on the complex structure moduli only) and W 1 indicates the dependence on the Kähler moduli. The models we consider will mostly have an exponential form for W 1 -such a term can arise from non-perturbative effects such as instantons or gaugino condensation and was used in [20] to construct meta-stable de Sitter vacua.
A detailed analysis of the above can be found in the appendix, where we demonstrate that at the supersymmetric minima the mass matrix for the Kähler moduli is given by:
It has been shown in [15] using numerical examples that the volume-axion potential in KKLT models with one exponent has the shape of a funnel: in all the studied examples the axion direction was as steep as the volume modulus direction. Moreover, the uplifting procedure does not significantly change the shape of the two-dimensional potential near the minimum. Here we will study this issue analytically for generic parameters of the KKLT model. We will compute the volume-axion mass formula at the generic supersymmetric minimum of the potential and compare the corresponding curvatures of the potential in the volume and axion direction. We will find a very simple formula for the ratio of the axionvolume masses which will be easy to analyze for all available parameters of the potential.
Before immersing ourselves into the particular details of model-building and constraints, there is one further point we should note. In the following three subsections we consider models with a single modulus (and thus a single axion). Needless to say this is not sufficient for N-flation, should we find that the volume and axion decouple, we would need to assemble many such moduli together to obtain IGW-generating inflation. However, given that without the decoupling of the axion and its partner we expect all the fields in the potential to be cross-coupled (see above), the existence of a mass hierarchy between the two components of the modulus appears to be a necessary condition for N-flation in this class of models. It is not inconceivable, though, that the cross-coupled potential will also N-flate, but this situation is not tractable at this time.
As mentioned above, the details of the calculations for this section can be found in the appendix.
KKLT: an exact volume-axion mass ratio
In the KKLT model [20] , the Kähler potential and the superpotential are given by
where A and a are some (real) constants and we keep W 0 complex.
A little work gives:
The masses of the σ and α fields will then correspond to the eigenvalues of the following 2-dimensional symmetric matrix:
At the supersymmetric minimum the field values are:
And for the α field:
where θ is defined as the phase of the flux superpotential e iθ = W 0 |W 0 | . The off diagonal elements in the mass matrix H vanish, leaving
Note that in order to get the canonical masses we have multiplied by a factor of σ 2 0 . The masses are:
Note that all masses are independent of the value of α 0 and only depend on the value of σ 0 and |W 0 |. The exact ratio of the masses at the supersymmetric minimum is given by
where the approximation is in the large aσ 0 limit. Noting the form of the kinetic term for the axions:
it is clear that after rescaling the fields to get a canonically-normalized kinetic term, we obtain: 3 2
Similar arguments hold for the volume kinetic terms, and when the appropriate changes are made in the potential, we find that the effective value of a changes:ã = 2/3σ 0 a. Since the effective axion decay constant is given by f = 1/ã ∼ 1/aσ 0 , it is apparent that a large mass hierarchy between the axion and its partner is only possible with a large axion decay constant. However, as shown in [24] (and reviewed above) such decay constants are not available in this regime of string theory. Thus the mass ratio never deviates greatly from 1 and it is clear that KKLT is not a suitable setting for N-flation.
KL racetrack models
The first obvious generalization of the KKLT scenario is to keep the same Kähler potential and add an extra exponential term, so that the superpotential is of racetrack form:
where a, b, A, and B are real constants. Such models are analyzed in a stringy context in [21, 37] . This expression for W gives the following potential:
The minimization conditions for the supersymmetric vacua, D T W = 0, give:
Evidently, the above do not separate nicely into independent equations for σ and α in a straightforward fashion. Accordingly, the mass matrix is somewhat involved and its eigenvalues do not give particular pleasant expressions. However, before leaping into the unpleasant details, a little thought reveals the analysis to be a much simpler task. Treating the term with larger of a, b in the exponent as a perturbation to the KKLT model, it is clear that the size of the correction is of order e −|a−b| -this is exponentially small unless we tune |a − b| to be close to zero. As a result, the only chance of finding a valley (given that none exists in KKLT) is with this tuning. With this simplification, it is straightforward to show that to first order in |a − b| the mass ratio is given by (we've chosen b > a)
To first order in 1/aσ 0 and 1/bσ 0 this becomes
Given that we expect A and B to be O(1) numbers, once again we have failed to find a large mass hierarchy -once again we use the result of [24] for the axion decay constant of the canonically-normalized field. With the benefit of hindsight, this is not at all surprising. The additional term in the KL model is exponentially small (thus we neglect it and get KKLT) or is tuned to be almost exactly the same as the original non-perturbative effect (so the two terms can be combined, also giving KKLT).
More Instantons
The models above can be extended to superpotentials with more exponential terms. Basically, any additional instanton can only have an effect if the coefficients in the exponent (a i ) are almost equal. If this isn't the case then there will be some subset of terms that are exponentially suppressed -reducing the model to a simpler one. However, if we tune the a i we're stuck for the reasons outlined above. The superpotential can be written as (choosing a 1 to be the smallest of the a i ):
Unfortunately finding the mass ratio analytically is not straightforward. However, it is reasonable to expect that the two exponent case generalizes.
Better racetrack inflationary models
A numerical example of stabilization of two complex moduli is given by a "better racetrack" inflation model [38] , related to IIB CY flux compactification on the orientifold P 4 1,1,1,6,9 . The Kähler potential for these two moduli is
and the superpotential
With some fine-tuning one can produce a saddle point in the potential with a very flat direction in a combination of the axion moduli direction which leads to a modular inflation compatible with observations. When the system is kicked out from the top of the potential it enters into a waterfall regime and quickly reaches the minimum of the potential. This model predicts no IGW.
Here we would like to examine the relation between the curvatures of the axions and the corresponding volumes near the minimum of the potential. The only difference from the KKLT model which we studied before is that we have two moduli instead of one. Now it is more difficult to handle the issue analytically. However a numerical example may be useful, it will either point to a possibility to get away from the constraints of the single KKLT model or will confirm the problem.
We find the following eigenvalues for the masses of these two complex moduli,
(63) A quick glance at these masses shows that, as predicted in KKLT models with one modulus, in the case of two moduli we find the volume directions near the minimum are of the same steepness as the axion directions for each of the two moduli. This means that, again, we do not get the desired axion valley.
KKLT-Type Models: Attempts at Kähler Stabilization
So far we have shown that, in the string theory models we have considered, the axion and its partner have masses of approximately the same order. This is principally because both fields are simultaneously stabilized and thus the masses have the same dependence on the parameters of the model. With the above observations in mind we wish, in this section, to use the idea of Kähler stabilization to separate the stabilization process of the axion and its partner (which we call "the volume field" as in this section the relevant moduli will be the volumes of the 2-cycles and 4-cycles). We consider Kähler potentials that only depend on the volume moduli and try to stabilize this moduli in the absence of any superpotential dependence. To do this we will first study shift-symmetric Kähler potentials and neglect the non-perturbative instanton/gaugino condensation corrections to the constant superpotential. This will leave flat axion directions. We find below that in this case theoretical conditions make it impossible to construct an axion valley.
Shift-symmetric Kähler potentials in string theory
We begin by summarizing what is considered to be the general class of computable Kähler potentials associated with Calabi-Yau compactifications. The first studies in [39] - [42] were performed in early 90s before the second string revolution and were based on Calabi-Yau compactifications in the context of the two-dimensional σ-model
About ten years later there was a renewal of interest in computable Kähler potentials, but now in the context of flux compactification with non-perturbative Ramond-Ramond forms. The computation was performed in [36] in the context of dimensional reduction of the effective ten-dimensional type IIB supergravity, taking into account stringy α ′ corrections 9 . The relevant Kähler potentials are closely related to those known from previous σ-model studies and have been used for flux compactification and moduli stabilization -starting with [35] and [44, 45, 46] ; see also the review in [47] .
Since our goal is not to miss any corner of the stringy landscape with interesting cosmology we will show no bias towards one or other of these Kähler potentials. From a phenomenological point of view our only concern is that the complex structure moduli are stabilized by some mechanism and so do not interfere with the inflationary dynamics.
We start with early papers on CY compactification, summarized in the TASI lectures [42] . These models in string theory are related to N = 2 supergravity, which is described by the prepotential F (X I ) depending on the holomorphic homogeneous coordinates X I = (X 0 , X i ). The prepotential is homogeneous of degree 2 and can be also represented as a function of special coordinates
Each of the moduli has as a real part an axion a i originating from a form field and also a positive imaginary part v i :
The relation between the Kähler potential and the prepotential in the X 0 = 1 gauge is
This formula for the Kähler potential is equivalent to the original one given in [48] , where special geometry was introduced:
In the limit of large v i the prepotential is [42]
9 More recently an attempt was made in [43] to use the string loop corrections to Kähler potential, in addition to α ′ -corrections, for the purpose of volume stabilization without non-perturbative corrections to the superpotential. The authors find that these attempts so far were either not satisfactory or inconclusive. Therefore we will not use these models in our current analysis. However, if this class of models will be developed and improved, it may become useful for our scenario.
Here c ijk are real Yukawa couplings defined by the classical intersection numbers, which are computable for particular Calabi-Yau manifolds. It is easy to check that the real parts of the constants c ij , c i , c drop from the Kähler potential. On the other hand, the presence of Im c ij and Im c i terms would break the continuous shift symmetry of the Kähler potential under
The instanton part of the prepotential depends on
Thus F inst breaks the continuous shift symmetry down to a discrete one and in string theory it is believed to be the only source of breaking of the continuous axion shift symmetry. This is based on the fact that the underlying σ-model has such a symmetry before the world-sheet instantons are taking into account. We may either accept this rather standard assumption of string theory or simply argue that for our search for an axion valley in the landscape we would like to start with a shift symmetric Kähler potentials. As such we require, as in [42] ,
and we will ignore the instanton part as it also breaks the continuous shift symmetry of the Kähler potential. This leaves us with
Taking into account our definition of the special coordinate t i in (65) and the known α ′ corrected value of the imaginary part of c, we can relate it to the Euler number of the Calabi-Yau manifold χ. Rewriting K, we obtain, up to a constant factor:
This expression for K is deduced from [42] and it is based on α ′ = 1 units used there. Now, we move onto α ′ corrections in the presence of fluxes, explored recently in the context of type IIB string theory (with fluxes) [35, 36, 44, 47] . The corrections to the Kähler potential can be presented as follows:
There is a combined axion-dilaton and Calabi-Yau moduli space, along with a shape moduli space M c (Z) and the size moduli space M k (Z). The axion-dilaton is a field τ = a+ ie −φ , Ω is the holomorphic 3-form on Z andV is the volume of the CY space. The Kähler potential in this form has to be treated as a function of the 4-volume cycles defined via dual coordinates
and the "hat" induces some dependence on the dilaton due to transformation to the Einstein frame in effective 4d supergravitŷ
The dual coordinatesτ i are combined with form fields to form complex coordinates associated with the volumes of the 4-cycles,
Therefore the last term in (74) is
andv i has to be treated as a function of
depends on the Euler number of the Calabi-Yau manifold χ as in (72) and also on the string coupling, Imτ = e −φ/2 . The superpotential depends on the axion-dilaton and on the shape moduli and it can be fixed by requiring that D τ W = D z W = 0. In absence of the α ′ corrections when ξ = 0, the action is of the no-scale form and the potential vanishes if the superpotential is independent on size moduli [36] .
Stabilization of volume moduli with a constant superpotential
Both Kähler potentials discussed above (given by (73) and (78)) have interesting features which define the stabilization of volume moduli in the presence of a constant superpotential. Interestingly, there is little qualitative difference between the two cases, but for completeness, both cases have been analyzed and the details of the results can be found in appendix C.
The bottom line is that, in cases which volume moduli can get stabilized via the Kähler stabilization mechanism, the stabilized volume of the compactification is obtained to be proportional to ξ. However, as a physical requirement, these class of models are reliable only in the limit of large compactification volume. Therefore, these class of models are not an honest candidate to stabilize the volume moduli by this mechanism.
α
′
Corrected Kähler Potential With a Non-Perturbative Superpotential
As we mentioned above, successful Kähler stabilization would have to include the effects of non-perturbative corrections to the superpotential. Even though the machinations of the previous section were unsuccessful there are interesting examples in the literature which use the setup of [44] , but with a non-constant superpotential. The two examples we give are not Kähler stabilized (obviously), but in each the Kähler potential plays an important role in determining the scales of the masses.
Large Volume stabilization models
Here we use the information on the phenomenology of the working model [53] originating from the type IIB CY flux compactification on the orientifold P 4 1,1,1,6,9 , with a K given as in [44] . We will analyze the axion and volume moduli masses near the minimum of the potential. The model is valid in approximation of large volume V. The axion-dilaton and complex structure moduli are fixed by fluxes. The Kähler potential of the Kähler moduli T 5 = τ 5 + ib 5 and T 4 = τ 4 + ib 4 is given by K = −2 ln(V + ξ 2 ) where
Here τ 5 is the large volume modulus and τ 4 is the small volume modulus and τ 5 ≫ τ 4 > 1 in string units l s = 2π √ α ′ . At the point of stabilization where V = V 0 the masses of the moduli fields are
The ratio of these two fields is given by
At first glance this looks like an excellent candidate for the axion valley potential. However, a closer look reveals a problem: the axion, in all cases of interest, is way too light. There are 3 regimes for the supersymmetry breaking parameter in these classes of models. In case of the GUT scale the masses of the volume and the axion are
for intermediate scale
and for TeV scale
In all cases the curvature in the volume modulus is indeed much larger than the curvature in the axion direction near the minimum, which is what we wanted. However, the mass of the b 5 axion is too small, the potential is too flat in the axion direction. The value of the axion mass near the minimum of the potential which will provide us with the natural inflation can be evaluated from the expression Λ 4 (1 − cos(φ/f )). Here Λ is of the GUT scale and f ∼ 25M P l to have an agreement with observations. One finds that in the quadratic approximation the mass of the axion should be of the order of 10
13 GeV. This is many order of magnitude larger than all values of the axion masses in models of [53] .
The masses of the small volume modulus τ 4 is equal to the mass of its axion partner b 4 , as in the KKLT model. Therefore the b 4 axion is not suitable for the axion valley potential we seek. We have avoided the issue of stabilization only taking place in untenable regions of moduli space; however, as with the constant superpotential, only one moduli gets a hierarchy. This in turn means that even excepting the cosmological problems with the excessively light axion we still would have problems N-flating.
Kähler uplifting models
Another class of moduli stabilization models was proposed in [54] where the volume moduli are stabilized directly in de Sitter minima (instead of AdS minima of KKLT models or large volume stabilization models in [44, 53] which require an uplifting with anti-D3 branes or fluxes on D7 branes). These models have a Kähler potential analogous to the one in the previous subsection. It is interesting to present here the masses of the volume-axion moduli, from the examples of [54] , where these models were studied in detail.
• Model with 2 complex moduli,
(85)
• Model with 3 complex moduli,
and m
One can easily see that for each complex modulus shown above the ratio of the volume modulus mass to the axion mass is of the order 1. Once again we find that in known models with logarithmic Kähler potential and stabilization of moduli via the superpotential there is no axion valley.
Axion Valley Model
The axion valley model (natural inflation in supergravity)
The natural inflation PNGB (Pseudo-Nambu-Goldstone Boson) model [10] is based on a potential of the form Λ 4 (1 ± cos(φ/f )] with f ≥ 0.7M old P l ≈ 3.5M P l and Λ ∼ M GU T . It was shown in [15] how to embed natural inflation in supergravity. There is a sharp minimum for x and a very shallow minimum for β. The β-direction is practically flat for β from 0 to 20 (in Planck units), whereas in the x-direction the potential appreciates significantly when x changes by 0.1. On the right, the potential is plotted for β from 0 to 300. The plot shows the periodicity in the axion variable β. Both β and x have canonical kinetic terms.
We consider the KKLT model with all fields fixed at their minima, and add to it a field Φ with a shift-symmetric Kähler potential and a simple non-perturbative superpotential which breaks this shift symmetry
with
Here Φ = x + iβ and
The presence of the KKLT model modifies the potential constructed from (88) in two ways. It rescales the overall value of the Φ field potential and adds to it a positive constant. The effective uplifting can set the potential at the minimum of Φ close to zero (from the positive side). This rescaling can be absorbed by a rescaling of w 0 and B. Thus we have a model with canonical kinetic terms for both x and β and the following potential
where the axion valley potential is (90), (91). If the minimum is at β 0 = 0 the potential at x = x 0 takes the form of the natural PNGB model potential [10, 11] V = V 2 (x 0 )(1 − cos(bβ)) .
Our goal is to make the potential in (92) steep for the x field and very flat for the β field. This is possible, unlike the KKLT model [20] , where the potential is equally steep for the volume modulus and the axion near the minimum of the potential, see figure 2 .
In the axion valley model, for parameters B = 1, b = 0.05 and w 0 = 10 −4 , we find that the potential in the x direction is steep, while we have a nearly flat valley for the axion β. Thus the latter may play the role of the inflaton field -see figure 1 . Note, the minimum of the potential at β = 0 and x ∼ 0.76 is not supersymmetric.
To make this model compatible with the WMAP3 data, we put the system at the minimum x = x 0 and use the values for the parameters suggested in [11] for the potential V = Λ 4 (1 − cos(φ/f ). We need V 2 (x 0 ) = Λ 4 with Λ at the GUT scale and our parameter 1/b corresponds to √ 8πf in [11] . We have to take into account that in supergravity setting we are working in units where M P l = 2.4 × 10 18 GeV=1. There are two limiting cases to consider. In the first case, 3.5 ≤ f ≪ 25 (0.04 ≪ b ≤ 0.28), inflation takes place near the maximum of the potential, as in the new inflation scenario. In the second case, f ≥ 25 (b ≤ 0.04), the potential is very flat at the minimum and the model is close to the simplest chaotic inflation scenario. In this regime, for x 0 < 1, the COBE/WMAP normalization of inflationary perturbations implies that w 0 B b 2 ∼ 1.5×10 −12 . Clearly, such parameters are possible from the point of view of supergravity, particularly taking account of the rescaling mentioned above.
Keeping multi-instanton corrections small
The model above has a problem of the kind discussed in [24] and reviewed above in section 2.1. If the source of the exponential term in the superpotential is from instantons, one has to keep the argument in the real part of the exponent e −bΦ not small, which means
where x 0 is the critical value of x = Re Φ. However, in the numerical example above we find that the condition (95) is not met when we satisfy the experimental requirements.
Here we will propose a simple generalization of the model with one exponent from the previous section: we will use the racetrack example with two exponents. A qualitative discussion of the situation follows from the features of the potential in this case. We take
To illustrate why the second exponent allows us to fix the problem, consider the limiting
where
Here
and
The axion period is defined by the inverse of the difference between the arguments in the exponents, (a − b) instead of the argument b as in (93). Thus we need to make (a − b) small without having small each of ax 0 and bx 0 . A numerical example of such a situation is given by a = 2.5, b = 2.53, A = 10, B = −0.01. In figure 6 .2 we show the slices of this potential in the radial as well as axion directions. There are two axion valleys, one at x ≈ 3.2 and the other at x ≈ 1.8, and a maximum in the radial direction in between them. This maximum is supersymmetric before the uplifting, DW = 0, and the axion direction is flat. The axion valley model provides the first explicit realization of the natural inflation in supergravity. It realizes the standard lore that the shift symmetry of the Kähler potential may protect a nearly flat axion potential. It gives a simple example of such a model, where the partner of the axion is stabilized and the total potential has a stable non-supersymmetric minimum. To make this minimum dS we have added a constant to the potential which comes from the KKLT type uplifting procedure with a fixed volume modulus. and a minimum at β = (2n + 1)
, n = 0, 1, 2, ....
On a possibility of shift-symmetric quadratic Kähler potentials in string theory
To justify the shift-symmetric quadratic Kähler potentials in string theory one has to be able to argue that the corrections terms to the Kähler potential, for example of the form α(φ+φ) 4 and higher order terms will not change the dynamics of the quadratic model significantly. Indeed in cases which we will describe below such higher order terms will naturally appear in string theoretic models from the expansions of the logarithmic potentials with regard to some volume moduli of small cycles. A discussion of the possibility of justifying the shift-symmetric quadratic Kähler potentials in string theory was given in [15] . These types of Kähler potentials can be identified, e.g. in the D3/D7 model, via an expansion of the logarithmic potential, see equations (18, 19) in [15] .
Here we describe an analogous model (with regard to shift-symmetric approximately quadratic Kähler potential) in type IIB string theory with a K3 ×
compactification, without moving branes. The M-theory version of this model for compactification on K3 × K3 was studied in [55] . In [56] and [57] the stabilization by fluxes of part of moduli space of the K3 × T 2 Z 2 compactification was performed. All remaining moduli in this model were stabilized by the instanton corrections to the superpotential in [55, 58] . The Kähler potential of the part of the moduli space stabilized by instantons is given by the logarithm of the cubic polynomial
Here T +T is the Kähler modulus of the K3 manifold, and x 0 +x 0 is the Kähler modulus of the torus. The Kähler moduli x i +x i , i = 1, ..., 19 are representative of the coset space S0(3,19) SO(3)×SO (19) associated with the K3 geometry. There are 57 such parameters, e In the language of [55] x i +x i are the areas of all P 1 in K3. When the complex structure is stabilized by fluxes, the K3 surface becomes an attractive K3, i.e. the Kummer surface: it has 20 complexified Kähler forms, 19 x i and the total volume-axion.
In this model, as different from Calabi-Yau three-folds, we have a product space and therefore the Kähler potential is a product of 2 Kähler potentials:
Assuming that the Kähler volume modulus of the K3 manifold T +T is fixed we can consider the Kähler-Hodge manifold S0(2,19) SO(2)×SO (19) with the Kähler potential
This Kähler potential is suitable for our purpose after expanding near the minimum for x 0 +x 0 = v, where, for small x i +x i , it will look like
In previous work [15] we observed that in this situation the exponential terms in the superpotential have to come from the Euclidean instantons and not from the gaugino condensation since the moduli x i originate from hypermultiplets [55, 57] . These exponential terms have the form [50] e
with integer n. Such exponents will not result in a flat axion direction, as we require small factors in the exponent. Thus our conclusion for this example in [15] was not very optimistic. Now, however, after having explained in section 2.2 the complicated situation with numerical factors in string theory, we must, instead of (105), actually use
since the units 2π √ α ′ = 1 cannot be used, rather one should convert them to M P l = 1 units. In fact, taking into account that in [19] we had an example with
one can hope that a small number in the exponent is possible.
Here we also have to make sure that the factors in exponents are not too small so that the multi-instanton correction problem, raised in [24] and discussed above, should not destroy the model. Here the solution to this problem suggested in section 6.2 may work. Indeed we need to have more than one exponent to provide the required periodicity of the axion potential, so that each exponent at the critical point is not small, rather only their difference is. The details of such configurations have to be worked out.
The model with K3 ×
compactification, therefore, requires additional study before a positive/negative conclusion on the axion valley can be reached. However, we observe that quadratic shift-symmetric potentials seem to be available, at least in principle, in this particular compactification of string theory.
Axions in type IIB orientifolds originating from the 2-form fields
A closely related program was proposed in [60] , where the possibility of using a general class of type IIB orientifold compactifications [61] to construct the axion valley inflationary models was suggested. In these models the involution of the world-sheet parity operation splits the cohomology groups of the compact space into even and odd parts H p,q
− = N does not vanish, one can form a set of chiral scalar fields which originate from a combination of the RR and NS-NS 2-form fields,Ĉ 2 = c a ω a andB 2 = b a ω a (with {ω a } a basis for H 2 (X, Z) and τ the axion-dilaton)
In many models of type IIB orientifold compactification such fields are absent since the 2-formsĈ 2 andB 2 are odd under the orientifold symmetry and are thus are projected out. Here, however, since h 
Such Kähler potentials may lead to axion-type inflation. Of course, as the first step, one needs show that there is a definite mechanism by which all fields, including G a , can be stabilized. Secondly, one should present a concrete example in which a minimum can be established. Finally, the possibility of having detectable levels of tensor fluctuations should be investigated in that vacuum via explicit computation. Further, one may also look for models with many G a fields, i.e. for large N and assisted inflation. While the details of moduli stabilization still have to be worked out, these models are promising and may eventually lead to viable string inflation with IGW.
Discussion
We have explored the possibility of deriving axion inflation (in particular N-flation) in string theory. We do so, noting that such models offer some hope of implementing stringy inflation giving substantial tensor fluctuations and thus measurable levels of CMB polarization. We began in section 2 by highlighting some of the problems of embedding inflation (with measurable tensor fluctuations) in string theoretic settings. Following this we examined N-flation in more detail, noting that in most reasonable implementations it is assumed that the volume moduli have significantly steeper potentials than the axions that drive inflation.
In section 3 we considered the simplest KKLT-type models. We found that, despite the shift symmetry of the Kähler potential, the curvature of the potential in the volume direction was of the same order as in the axion direction -i.e. both axion and volume moduli had the same order mass.
In section 4 we considered an α ′ corrected Kähler potential for many Kähler moduli. Our motivation here was to have the shift-symmetric K itself stabilize the moduli. By construction, such a scenario could only give a mass to the volume-type moduli, potentially allowing non-perturbative corrections to give small masses to the axions and creating the hierarchy required for N-flation. However, we found several theoretical obstacles; with a constant superpotential, neither SUSY nor (with some caveats) non-SUSY stable vacua were found. Furthermore it appears to be only possible to stabilize one volume modulus using the Kähler potential alone. Therefore in this setting it is difficult to justify the multiple axions rolling in concert to inflate the universe. We also examined some specific examples with a non-constant superpotential, [53, 54] . Although in the large volume example of [53] a large mass hierarchy is obtained, it is only for one of moduli, and even in that case the mass of the axion is too light to provide a realistic model of inflation.
Therefore, at present we find it difficult within the standard corner of the stringy landscape 10 to remove the volume moduli from the dynamics and to keep only nearly flat axion directions. More precisely, it seems impossible to give the axion a substantially lower mass than its partner. We have pointed out some caveats in our discussions of these issues; these may be studied in future and could, perhaps, change our current conclusions.
Having had no luck with constructible stringy models, we examined supergravity scenarios in section 6. Here we use a quadratic shift-symmetric (axion independent) Kähler potential and find that axion pNGb-type inflation with IGW is possible, as proposed in [15] . Moreover, we have found here a possible solution to the problem of the multi-instanton corrections [24] : one needs a racetrack-type superpotentials with 2 or more exponents, so that each exponent is not small but the small difference between them may provide the correct parameters for inflationary models with IGW.
Also in section 6 we argued that it may be useful to look for type IIB orientifold models which may have features different from generic Calabi-Yau compactifications: such models provide, in certain approximations, the required quadratic shift-symmetric (axion independent) Kähler potentials. Often in such orientifold models the axions originate from hypermultiplets. Whether such models will be valid in the regime predicting inflationary gravity waves has to be studied and remains a project we postpone for the future.
There are also string models of inflation with IGW which we have not been discussed in this paper 11 . In all cases, more study will be required.
10 Under standard corner of the stringy landscape we mean the well studied Calabi-Yau compactifications with unbroken supersymmetry and known structure of the Kähler potentials. Supersymmetric vacua do not have to come from Calabi-Yau manifolds; some more general examples can be found by considering "generalized complex" manifolds. However, to find the effective theory around such vacua is difficult [62] . 11 For example, a model in [66] based on heterotic M-theory predicts observable r. However, the problem Given both the results discussed in this paper and other work in this area, we must conclude that finding measurable IGW in stringy models remains problematic. Accordingly, should the next generation of CMB experiments measure appreciable B-mode polarization and thus infer a substantial scalar-tensor ratio, this would pose a significant challenge for string theory.
A Type IIB Details
As outlined in the main body of the text, for the majority of this paper we have been working in the context of IIB string compactifications. Here we flesh out some of the details of our analysis. With complex moduli fluxes stabilized by fluxes and a canonical Kähler potential, we have:
where the volume of the two cyclesv i should be understood as functions of volumes of four cycles, T i andT i (the relation between T i andv i is given asσ i ≡ Re(T i ) = C ijkv jvk , where C ijk 's are classical intersection numbers of the Calabi-Yau.). The Kähler metric and its inverse (derived from the above Kähler potential) are given by
of stabilization of the orbifold-length and Calabi-Yau volume moduli has not been solved so far. In [67] , [68] the DBI-type model [65] of a D5 brane wrapped on a 2-cycle in Klebanov-Strassler throat geometry predicts IGW, according to [67] . However, the problems of back reaction and unusually large orbifolding in [67] still have to be resolved.
in which M ij with lower indices is defined as M ij = C ijkv k and M ij with upper indices is inverse of M ij . The superpotential has the form:
with W 0 the flux superpotential (independent of Kähler moduli) and W 1 depends only on the Kähler moduli. Now, let's calculate the derivatives of the potential and the mass matrix elements:
We can now easily calculate the holomorphic-holomorphic and holomorphic-antiholomorphic sectors of the mass matrix of the potential:
Stabilization at Supersymmetric Minima
According to the KKLT scenario, the Kähler moduli are stabilized at supersymmetric minima. The expressions for the mass matrix elements (115) and (116) are:
Also, it is easy to show that for a supersymmetric minimum we have
Note that the indices in the second term of (119) are raised with δ j i .
A.1 A Single Kähler Modulus
To understand the basic features of the problem lets restrict ourselves to the simplest case where we only have one Kähler modulus n = h 1,1 (X) = 1. The Kähler potential is given by
With the above, we can compute the Kähler connection, Kähler metric, Levi-Civita connection associated with the Kähler metric, and the curvature of the Kähler moduli space. They are given by
For this case, (119) reduces to
giving
Notice that (127) is purely real, as expected. Now, let's rewrite the Kähler modulus T in terms of the axion and dilaton fields: T = σ + iα andT = σ − iα where σ and α are real fields:
Now, using (126) and (127), we find that
These eigenvalues are:
A.1.1 KKLT In the KKLT model, the superpotential is given by
where A and a are some constants (we also assume that they are real). Since we are interested in evaluating (126) and (127) at the supersymmetric critical point, we can simplify these equations. First, we notice that at such a point we have
If we combine these two minimization equations, we can find the values of σ and α fields at the stabilization point as
which gives the stabilization value of σ field as
Note that the above equation cannot be solved analytically. For the α field, we obtain
where θ is defined as the phase of the flux superpotential e iθ = W 0 |W 0 | . The interesting fact about (141) is that the value of α 0 is fixed up to a shift symmetry. Now, let's calculate the matrix elements at the stabilization point. It is easy to show that
At the supersymmetric minima this vanishes, from (138):
This implies that the off-diagonal elements of the H matrix vanish (H 12 = H 21 = 0). Remembering (135) and (136), the masses of the two fields at the supersymmetric minima are given by
Note in above that in order to get the actual mass difference with the correct normalized kinetic terms, we have multiplied the two eigenvalues λ 1 and λ 2 by a factor of σ 2 0 . Now, if we substitute the KKLT superpotential (43) for (131) and (132) and use the fact that at the supersymmetric minima we have (138) and (139), then the masses of the two fields are
We notice that all masses are independent of the value of α 0 and only depend on the value of σ 0 and |W 0 |. It should also be noticed that |W 0 | appears in both masses in the same way.
The ratio of the masses is given by
A.1.2 KL
The superpotential of this model is given by:
where a, b, A, and B are real constants. The minimization conditions for the supersymmetric vacua (D T W = 0 andDTW = 0) are
Now, using (131), (132), and (133), we obtain for the mass matrix elements the following
which are still subject to the constraints (149) and (150). There are several important facts about these expressions. First, note that we have an off-diagonal term and the masses of σ and α fields will correspond to the eigenvalues of H. The second thing is that if we put A = 0 (or B = 0) or a = b, then these expressions clearly reduce to KKLT answers. It is straightforward, if unilluminating, to diagonalize the mass matrix and find the dilaton/axion mass ratio. A more fruitful way to proceed is consider the relevant limits for our problem, as discussed in the main body of the text.
B Derivation of the α
′
Corrected Potential
In this section, we explicitly calculate the N = 1 supergravity potential of type IIB string theory compactifications on a Calabi-Yau threefold Z in the presence of α ′ corrections. The potential of the theory is
where index I runs over all complex structure and Kähler moduli as well as the axiondilaton field. The superpotential W is the flux superpotential and is only a function of complex structure moduli and the axion-dilaton. The superpotential does not receive any α ′ corrections. The Kähler potential, however, does receive corrections and it is given by
wherev i = e −φ 0 /2 v i andσ i = e −φ 0 σ i are the volumes of the two and four cycles of the CalabiYau respectively. We notice that the Kähler moduli are defined in terms of the volumes of the four cycles −i(T i −T i ) = 2σ i , and that thev i in (155) should be understood as a function ofσ i 's. Now, in order to calculate the potential, we should first calculate the Weil-Peterson metric derived from the above Kähler potential. From (155), it is clear that there are off diagonal components of the moduli space metric which mix the Kähler moduli with the axion-dilaton. Before calculating the metric and its inverse, let us consider a more general problem and then apply it for our specific problem. Consider the following symmetric (n + 1)
where Y is a symmetric n × n matrix. Assume that the inverse of Y is given. Then we want to find the inverse of Q in terms of Y −1 . Without loss of generality, we can assume that Q −1
has the following form
where A ′ , B ′ and D should be determined in terms of A, B, and
is the inverse of Q; i.e.
, we obtain the following equations
From ( . Equation (158) is trivially satisfied. Therefore, we find the inverse of Q as the following
Now, we are ready to apply this result to our main problem. Before doing so, we introduce some notation to simplify the calculations. We define M ij = C ijkv k and M =V + 1 2ξ
, we obtain
where M ij = (M −1 ) ij with upper indices should be understood as the inverse of M ij . Now, we identify Y in (156) by
. After some calculation, we find
It is easy to check that (Y ) −1 (which we display with lower indices) is given by
The last step before using the above prescription (162), is to identify A and B. They are given by the following expressions
We have completely constructed the metric of the Kähler moduli space and the axion-dilaton
and want to obtain its inverse using (162). Rewriting everything in terms of the volumeV of the Calabi-Yau Z, we find the various components of the inverse metric as
which is in agreement with [45] . Using this inverse metric and plugging into (154) and using the fact that the superpotential is independent of the Kähler moduli, the potential then reads
This was first found in [36] .
C Kähler Stabilization of the Volume Moduli
In this section, we present the details of the computations of the Kähler stabilization mechanism. As mentioned earlier the Kähler moduli can be stabilized in both supersymmetric and non-supersymmetric vacua. Here, we consider both possibilities.
C.1 Supersymmetric minima of the potentials
Here we demonstrate that supersymmetric minima are only possible at vanishing volumes of the 4-cycles. First we notice that the dependence of both Kähler potentials (73) and (78) on Kähler moduli is only through the volume V. On the other hand, the supersymmetric critical points of both potentials, for a constant superpotential, correspond to
Therefore, the supersymmetric critical points are given by ∂ i K 1 (V) = 0 and ∂ i K 2 (V) = 0. Obviously, both equations reduce to solving ∂ i V = 0. This is not an acceptable point of the moduli space since we are looking for stabilization with some at least modestly large values of volume moduli where the supergravity approximation is valid. Here we stress that the form of the prepotential in (68) , where the world-sheet instanton corrections are negligible, required a "large moduli approximation". In the deep interior of Calabi-Yau moduli space the expansion given in (68) is not valid. We conclude that there is no consistent supersymmetric stabilization of the volume moduli starting with (73) in the regime of the validity of this equation without introducing the moduli dependence into the superpotential. Analogous considerations are valid in the case of the Kähler potential in (78), and we reach the same conclusion.
C.2 Non-supersymmetric minima of the potentials
Having illustrated non-existence of SUSY minima, we now consider the non-SUSY case. We will consider (73) and (78) separately, beginning with the latter. In both cases we find that non-supersymmetric stabilization is only possible for one combination of the moduli, namely V.
For the type IIB flux compactification models described in (74) the potential has been calculated in [36] . At the point where the axion-dilaton and the complex structure moduli are fixed by D τ W = D z W = 0 it is given by
The complete derivation of this potential is presented above. Here we see that the potential for vanishing ξ is scale-invariant and is identically zero when the superpotential is independent of the volume moduli. This is despite an apparent contradiction due to the presence of the factor −2 from the ln in ((74). In fact, although −2 ln V looks like a square of the cubic in v-fields expression, one has to use the dual variables τ i = 1 2 C ijk v j v k which makes the Kähler potential effectively cubic in τ i -fields and thus gives a no-scale potential for vanishing ξ.
As we can see, the potential depends on the volume moduli t i −t i only via V. In fact, this can be easily explained from the very special geometry point of view on N = 2 supergravities in 5d where the theory is defined by the surface [49] 
v i are the real coordinates of the very special geometry and c ijk (a constant, totally symmetric tensor) defines the Chern-Simons term of the five-dimensional supergravity. V = C is an invariant surface defined by the equation (174) and the potential depends on the moduli only via V.
We are looking at the minima of the potential trying to stabilize all moduli t i −t i . The first derivative of the potential (173) is
∂ iV = 0 is not an acceptable solution, since it would giveV = 0 -we would be far away from the region of moduli space where our calculations are valid. The other, nonsupersymmetric, solution requires that
One can solve this equation and find two solutionŝ 
We need to investigate the stability of the above critical points. The second derivatives of the potential at the critical points are given by 
As is clear, regardless of sign ofξ, the first critical point is always a minimum and the second one is a maximum. But since we require to have a positive volume then this implies thatξ should be negative for the first critical point. Nevertheless, the first critical point does not have a desirable critical value -the volume is stabilized at the string scale and again we are in trouble. Moreover, all but one moduli remain flat directions of the potential. The former of these points means that Kähler stabilization of moduli cannot be performed for the values of the moduli outside the deep interior of the moduli space and the latter means that, at most, only one modulus could be stabilized anyway. Now let us consider (73). Here the potential derived from the above Kähler potential given by
The only nontrivial critical point of the above potential is the non-supersymmetric critical point (∂ t V = 0). For this critical point, it turns out that the stabilized volume is given by
with the second derivative at the critical point ∂ 2 t V = 3.6 ξ −7/3 . As we see, this critical point is a minimum when ξ < 0 and is a maximum otherwise. Once again we fail to find an phenomenologically viable axion valley -a minima would require a negative volume, which is clearly forbidden. Further, as above, the best Kähler stabilization can do is fix a single volume moduli -this is insufficient for N-flating the universe.
Thus, for both (73) and (78) we cannot find a suitable starting point for building an axion valley model. In both cases Kähler stabilization gives a suitable minima; however, said minima are located at points in moduli space that cannot be realized within the regions where the constructions of the Kähler potentials are valid. Not only that, but only one moduli is stabilized and so a volume/axion hierarchy can only be established for one moduli. This is not enough to realize N-flation.
C.2.1 Stabilization at
In the previous section, we stabilized the axion-dilaton and complex structure moduli at critical points where D τ W = 0 and D α W = 0. This leads to a simplified potential for the Kähler moduli. We found that this potential has two critical points and one of them is a local minimum. However, the volume of the Calabi-Yau is stabilized at string scale, whereas we are interested only in large volume compactification. The goal of what follows is to investigate whether such a large volume stabilization can be achieved by relaxing the stabilization conditions D τ W = 0 and D α W = 0.
In this approach [50] , we ignore the Kähler moduli at first and take the following potential
A∈{τ,zα}
where K 1 is the Kähler potential of the complex structure moduli space and the axiondilaton. We then stabilize the axion-dilaton and the complex structure moduli at nonsupersymmetric critical points of V 1 . The stabilization equations are non-supersymmetric solutions of D A V 1 = 0 12 . However, there is an important fact here about the stability of these solutions. One needs to check explicitly whether these solutions are perturbatively stable. The complete analysis of the stability of almost supersymmetric vacua (supersymmetry is broken at low scales of energy) can be found in [50] . However, finding meta-stable nonsupersymmetric solutions is generically hard and there are stringent constraints in certain limits. For example, it was explicitly shown in [51] that in the dilaton domination limit, there is no meta-stable de Sitter flux vacuum and for anti de Sitter solutions, the stability requirement imposes certain relations between the value of cosmological constant and the scale of supersymmetry breaking. There are also constraints in other regimes. For instance, it was shown in [52] that the curvature of the complex structure moduli space needs to satisfy certain constraints to obtain meta-stable non-supersymmetric vacua.
Here, we do not give any explicit examples of those meta-stable non-supersymmetric vacua which are hard to find. We only investigate whether, if such vacua exist, it is possible to achieve large volume stabilization. The potential for the Kähler moduli with a stabilized axion-dilaton and complex structure moduli at metastable non-supersymmetric vacuum is given by
where C is some positive constant and N 1 , N 2 , and N 3 are given by
Here a subscript 0 indicates the value at the non-supersymmetric stabilization point. Now, we should minimize V in terms of Kähler moduli (∂ i V = 0). As before, ∂ iV = 0 is trivial and the only nontrivial solution is an algebraic equation in terms ofV. In this case, we get a quartic equation which is tedious. However, we can simplify the equation in the limit we are interested, namelyV ≫ξ. In this limit, the volume gets stabilized at
First notice that dependence on g s cannot help us obtain large volumes, because if we demand small g s = e −φ 0 , then the only dominant factor will be N 2 which appears both in numerator and denominator of (186). Since N 1 and N 2 are positive definite, a large volume is achieved only when {ξ < 0, N 3 ≫ N 1 , N 3 ≫ N 2 } or {ξ < 0, |W 0 | 2 ≫ N 1 , N 2 }. The later case implies that we should necessarily be in an anti de Sitter vacuum and therefore is uninteresting. However, the former case describes a de Sitter vacuum. Requiring N 3 ≫ N 1 , it implies that |D τ W | ≫ |D α W |, namely the dilaton dominated limit. On the other hand, it was shown in [51] that there is no meta-stable de Sitter vacuum in this limit and all vacua are perturbatively unstable. Therefore, It is not possible to construct a Kähler stabilized model via the Kähler stabilization procedure in the large volume limit.
